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Ismétlés
Lineáris egyenletek - SVD felbontás (1)

I Lineáris egyenletek: y = f (x) = Ax A ∈ Cm×n

I Minden AM×N mátrixra létezik egy ún. SVD (Singular Value
Decomposition) felbontás

AM×N = UM×MΣM×NVH
N×N

I U és V unitér (valós esetben ortogonális) mátrixok (UUH = UHU = I
és VVH = VHV = I)

I Σ mátrixban a főátlóban nemnegat́ıv valós számok találhatók, máshol
nulla

I A főátló elemeit h́ıvjuk szinguláris értékeknek (σn)
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Ismétlés
Lineáris egyenletek - SVD felbontás (2)

I Nem négyzetes esetben tételezzük fel, hogy A = UDV T az SVD
felbontás szerint

I Minimalizáljuk a ‖Ax− y‖ kifejezést!

‖Ax− y‖ = ‖UDV Tx− y‖ = ‖DV Tx− UTy‖

I Legyen y′ = UTy és x′ = V Tx!

I Ekkor a ‖Dx′ − y′‖ kifejezést kell minimalizálnunk
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Bevezetés
Vizuális helymeghatározás lépései

I Feltérképezés:
I referencia képek késźıtése, tartózkodási hely (C ) és orientáció (R)

rögźıtése
I Megalkotni minden referencia képhez a Pr referencia kamera mátrixot.
I A kamerák belső paramétereit (K mátrix) száḿıtással vagy

kalibrációval meg kell határozni

I A tesztkép összehasonĺıtása referencia képekkel (valamely párośıtó
algoritmussal), megkeresni a legjobb párt

I Összetartozó pontpárok kinyerése, ezek alapján kamera relációt léıró
(fundamentális) mátrix meghatározása

I Ebből relat́ıv hely és orientáció meghatározása

I Optimalizálás, 3d trianguláció, téréṕıtés
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Bevezetés
Kétnézetes geometria
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A projekt́ıv geometria alapjai
I Az n dimenziós projekt́ıv geometria n dimenziós pontokat n + 1

dimenzióban ı́r le.
I Pontok léırása

I π : x3 = 1 egy śıkot definiál, mely x1-x2 śıkkal párhuzamos
I Tetszőleges śıkon található x pont léırható az O és x pontokon átmenő

egyenes egyenletével:

ax + by + c = 0

I Az egyenes paraméterei: a, b, c2.2 The 2D projective plane 29

π

l

x
O

x 1

x

x 3

2

ideal
point

Fig. 2.1. A model of the projective plane. Points and lines of IP2 are represented by rays and planes,
respectively, through the origin in IR3. Lines lying in the x1x2-plane represent ideal points, and the
x1x2-plane represents l∞.

points lie on a single line. This is not true in the standard Euclidean geometry of IR2,
in which parallel lines form a special case.

The study of the geometry of IP2 is known as projective geometry. In a coordinate-
free purely geometric study of projective geometry, one does not make any distinction
between points at infinity (ideal points) and ordinary points. It will, however, serve
our purposes in this book sometimes to distinguish between ideal points and non-ideal
points. Thus, the line at infinity will at times be considered as a special line in projective
space.

A model for the projective plane. A fruitful way of thinking of IP2 is as a set of
rays in IR3. The set of all vectors k(x1, x2, x3)

T as k varies forms a ray through the
origin. Such a ray may be thought of as representing a single point in IP2. In this
model, the lines in IP2 are planes passing through the origin. One verifies that two non-
identical rays lie on exactly one plane, and any two planes intersect in one ray. This
is the analogue of two distinct points uniquely defining a line, and two lines always
intersecting in a point.

Points and lines may be obtained by intersecting this set of rays and planes by the
plane x3 = 1. As illustrated in figure 2.1 the rays representing ideal points and the
plane representing l∞ are parallel to the plane x3 = 1.

Duality. The reader has probably noticed how the role of points and lines may be
interchanged in statements concerning the properties of lines and points. In particular,
the basic incidence equation lTx = 0 for line and point is symmetric, since lTx = 0
implies xTl = 0, in which the positions of line and point are swapped. Similarly,
result 2.2 and result 2.4 giving the intersection of two lines and the line through two
points are essentially the same, with the roles of points and lines swapped. One may
enunciate a general principle, the duality principle as follows:
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A projekt́ıv geometria alapjai
Projekt́ıv tér

I Egyenes konstansal való szorzással nem változik:

(a, b, c)↔ (ka, kb, kc), k 6= 0

I x = (x , y) pont akkor van az egyenesen, ha teljeśıti:

[
x y 1

]


a
b
c


 = 0

I (kx , ky , k) ugyanazt azt az x śıkbeli pontot jelöli → pont homogén
koordinátája

I Egy általános x = (x1, x2, x3) pont a śık (x1/x3, x2/x3) pontjának felel
meg

I P2 két dimenziós projekt́ıv tér R3 − (0, 0, 0) felett (valós
számhármasok kivéve a nullvektor)
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A projekt́ıv geometria alapjai
Projekt́ıv geometria tulajdonságai

I Két egyenes l , l ′ metszéspontja

x = l × l ′ = [l ]×l ′

I Hiszen l(l × l ′) = l ′(l × l ′) = 0

I l × l ′ a két vektor vektoriális szorzata

a× b =

∣∣∣∣∣∣

i j k
ax ay az
bx by bz

∣∣∣∣∣∣
=

(∣∣∣∣
ay az
by bz

∣∣∣∣ ,
∣∣∣∣
ax az
bx bz

∣∣∣∣ ,
∣∣∣∣
ax ay
bx by

∣∣∣∣
)

I [l ]× a vektoriális szorzás mátrix alakban

[a]× =




0 −az ay
az 0 −ax
−ay ax 0



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A projekt́ıv geometria alapjai
Projekt́ıv geometria tulajdonságai

I Két párhuzamos egyenes

l : (a, b, c) l ′ : (a, b, c ′)

I Metszéspontjuk:
l × l ′ = (c ′ − c)(b,−a, 0)T

I Átváltva normál koordinátákra (d = (c ′ − c))

l × l ′ = d(b/0,−a/0)T

I A pont koordinátái végtelen nagyok → projekt́ıv térben a
párhuzamosak a végtelenben találkoznak!
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Vet́ıtés154 6 Camera Models
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Fig. 6.1. Pinhole camera geometry. C is the camera centre and p the principal point. The camera
centre is here placed at the coordinate origin. Note the image plane is placed in front of the camera
centre.

computes that the point (X, Y, Z)T is mapped to the point (fX/Z, fY/Z, f)T on the
image plane. Ignoring the final image coordinate, we see that

(X, Y, Z)T �→ (fX/Z, fY/Z)T (6.1)

describes the central projection mapping from world to image coordinates. This is a
mapping from Euclidean 3-space IR3 to Euclidean 2-space IR2.

The centre of projection is called the camera centre. It is also known as the optical
centre. The line from the camera centre perpendicular to the image plane is called the
principal axis or principal ray of the camera, and the point where the principal axis
meets the image plane is called the principal point. The plane through the camera
centre parallel to the image plane is called the principal plane of the camera.

Central projection using homogeneous coordinates. If the world and image points
are represented by homogeneous vectors, then central projection is very simply ex-
pressed as a linear mapping between their homogeneous coordinates. In particular,
(6.1) may be written in terms of matrix multiplication as




X

Y

Z

1


 �→




fX

fY

Z


 =



f 0

f 0
1 0







X

Y

Z

1


. (6.2)

The matrix in this expression may be written as diag(f, f, 1)[I | 0] where
diag(f, f, 1) is a diagonal matrix and [I | 0] represents a matrix divided up into a 3× 3
block (the identity matrix) plus a column vector, here the zero vector.

We now introduce the notation X for the world point represented by the homoge-
neous 4-vector (X, Y, Z, 1)T, x for the image point represented by a homogeneous 3-
vector, and P for the 3×4 homogeneous camera projection matrix. Then (6.2) is written
compactly as

x = PX

which defines the camera matrix for the pinhole model of central projection as

P = diag(f, f, 1) [I | 0].

I Van egy X(x , y , z) pontunk a térben és egy f paraméterű kameránk a
C pontban, mely Z tengely felé néz

I Hol látszik X vetülete a kameránkon (x ′, y ′)?

I Egyszerű arány: y
z = y ′

f → y ′ = fy
z

I Ugyańıgy: x ′ = fx
z

(x , y , z)T 7→ (fx/z , fy/z)T
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Vet́ıtés

I Kamera śıkjára való vet́ıtés:

y ′ =
fy

z
= fy

1

z
x ′ =

fx

z
= fy

1

z

I Mivel az osztás műveletét nem tudjuk feĺırni mátrix alakban, ezért
bevezették a homogén koordinátákat

I A hányados egy újabb koordináta




x ′

y ′

z ′

1


 7→



fx
fy
z


 =



f 0

f 0
1 0







x
y
z
1




I Másképpen P = diag(f , f , 1) [I |0]

I Ahol P mátrix az ún. vet́ıtési (projekciós) mátrix
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Kamera belső paraméterei

I A valóságban f -et valamilyen fizikai mértékben adják meg (pl. mm)

I A képfeldolgozás során pixel koordináta rendszerben dolgozunk

I f -et át kell transzformálálni pixel koordinátarendszerbe

I r = (rx , ry ) a szenzor felbontása, d = (dx , dy ) a szenzor mérete [mm]

I αx = rx/dx , αy = ry/dy [pixel/mm]

K =



f αx 0 x0

0 f αy y0

0 0 1




I x0, y0 a kamera origója

I K mátrixot a kamera belső
(intrinsic) paramétereinek h́ıvjuk

6.1 Finite cameras 155

y

0

0 p

cam

x cam
y

y

x x

Fig. 6.2. Image (x, y) and camera (xcam, ycam) coordinate systems.

Principal point offset. The expression (6.1) assumed that the origin of coordinates in
the image plane is at the principal point. In practice, it may not be, so that in general
there is a mapping

(X, Y, Z)T �→ (fX/Z + px, fY/Z + py)
T

where (px, py)T are the coordinates of the principal point. See figure 6.2. This equation
may be expressed conveniently in homogeneous coordinates as




X

Y

Z

1


 �→




fX + Zpx
fY + Zpy

Z


 =



f px 0

f py 0
1 0







X

Y

Z

1


. (6.3)

Now, writing

K =



f px

f py
1


 (6.4)

then (6.3) has the concise form

x = K[I | 0]Xcam. (6.5)

The matrix K is called the camera calibration matrix. In (6.5) we have written
(X, Y, Z, 1)T as Xcam to emphasize that the camera is assumed to be located at the
origin of a Euclidean coordinate system with the principal axis of the camera pointing
straight down the Z-axis, and the point Xcam is expressed in this coordinate system.
Such a coordinate system may be called the camera coordinate frame.

Camera rotation and translation. In general, points in space will be expressed in
terms of a different Euclidean coordinate frame, known as the world coordinate frame.
The two coordinate frames are related via a rotation and a translation. See figure 6.3.
If X̃ is an inhomogeneous 3-vector representing the coordinates of a point in the world
coordinate frame, and X̃cam represents the same point in the camera coordinate frame,
then we may write X̃cam = R(X̃−C̃), where C̃ represents the coordinates of the camera
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Kamera külső paraméterei

I A kamera a térben nem feltétlenül a z koordinátatengely irányába néz

I Ezt egy R forgatási mátrixszal és egy C középponttal (eltolás)
jellemezhetjük

I A megfelelő külső transzformációt (extrinsic parameters) a
következőképp kapjuk:

Pex =

[
R −RC
0 1

]

I A külső és belső paraméter mátrixok szorzata adja a teljes P kamera
mátrixot:

P = K [R| − RC ] = KR[I | − C ]
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Kamera transzformációja

I Kamera projekció egyenlete:

P = K [R| − RC ] = KR[I | − C ]

I Lépések:

1. Eltolás → x′ = (x− C)
2. Forgatás → x′′ = (Rx′)
3. Vet́ıtés → x′′′ = (Kx′′)
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Epipoláris geometria
Bevezetés

I Epipoláris: kétnézetes

I Egy térbeli pont, és két vet́ıtett képe között milyen összefüggés van240 9 Epipolar Geometry and the Fundamental Matrix
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Fig. 9.1. Point correspondence geometry. (a) The two cameras are indicated by their centres C and
C′ and image planes. The camera centres, 3-space point X, and its images x and x′ lie in a common
plane π. (b) An image point x back-projects to a ray in 3-space defined by the first camera centre, C,
and x. This ray is imaged as a line l′ in the second view. The 3-space point X which projects to x must
lie on this ray, so the image of X in the second view must lie on l′.
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Fig. 9.2. Epipolar geometry. (a) The camera baseline intersects each image plane at the epipoles e
and e′. Any plane π containing the baseline is an epipolar plane, and intersects the image planes in
corresponding epipolar lines l and l′. (b) As the position of the 3D point X varies, the epipolar planes
“rotate” about the baseline. This family of planes is known as an epipolar pencil. All epipolar lines
intersect at the epipole.

Supposing now that we know only x, we may ask how the corresponding point x′ is
constrained. The plane π is determined by the baseline and the ray defined by x. From
above we know that the ray corresponding to the (unknown) point x′ lies in π, hence
the point x′ lies on the line of intersection l′ of π with the second image plane. This line
l′ is the image in the second view of the ray back-projected from x. It is the epipolar
line corresponding to x. In terms of a stereo correspondence algorithm the benefit is
that the search for the point corresponding to x need not cover the entire image plane
but can be restricted to the line l′.

The geometric entities involved in epipolar geometry are illustrated in figure 9.2.
The terminology is

• The epipole is the point of intersection of the line joining the camera centres (the
baseline) with the image plane. Equivalently, the epipole is the image in one view

240 9 Epipolar Geometry and the Fundamental Matrix

C C /

 π

x x

X

epipolar plane  

/

x

e

X ?

X

X ?

l

e

epipolar line
for x

/

/

a b

Fig. 9.1. Point correspondence geometry. (a) The two cameras are indicated by their centres C and
C′ and image planes. The camera centres, 3-space point X, and its images x and x′ lie in a common
plane π. (b) An image point x back-projects to a ray in 3-space defined by the first camera centre, C,
and x. This ray is imaged as a line l′ in the second view. The 3-space point X which projects to x must
lie on this ray, so the image of X in the second view must lie on l′.

l

e e

l

π

baseline

/

/

e e

baseline

/

X

a b

Fig. 9.2. Epipolar geometry. (a) The camera baseline intersects each image plane at the epipoles e
and e′. Any plane π containing the baseline is an epipolar plane, and intersects the image planes in
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Supposing now that we know only x, we may ask how the corresponding point x′ is
constrained. The plane π is determined by the baseline and the ray defined by x. From
above we know that the ray corresponding to the (unknown) point x′ lies in π, hence
the point x′ lies on the line of intersection l′ of π with the second image plane. This line
l′ is the image in the second view of the ray back-projected from x. It is the epipolar
line corresponding to x. In terms of a stereo correspondence algorithm the benefit is
that the search for the point corresponding to x need not cover the entire image plane
but can be restricted to the line l′.

The geometric entities involved in epipolar geometry are illustrated in figure 9.2.
The terminology is

• The epipole is the point of intersection of the line joining the camera centres (the
baseline) with the image plane. Equivalently, the epipole is the image in one view
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Epipoláris geometria
Fogalmak

I Két kamera C és C ′ középponttal

I X térbeli pont, képe a két kamerán
rendre x és x ′

I C , C ′, x , x ′ és X pontok egy ún. π
epipoláris śıkra esnek

I A C és C ′ pontot összekötő egyenest
alapegyenesnek h́ıvjuk, a képśıkokat e
és e ′ pontban metszik (epipólus)

I Az e és x pontok az l epipoláris
egyenesre esnek, ahogy e ′ és x ′ az l ′

epipoláris egyenesre.

240 9 Epipolar Geometry and the Fundamental Matrix

C C /

 π

x x

X

epipolar plane  

/

x

e

X ?

X

X ?

l

e

epipolar line
for x

/

/

a b

Fig. 9.1. Point correspondence geometry. (a) The two cameras are indicated by their centres C and
C′ and image planes. The camera centres, 3-space point X, and its images x and x′ lie in a common
plane π. (b) An image point x back-projects to a ray in 3-space defined by the first camera centre, C,
and x. This ray is imaged as a line l′ in the second view. The 3-space point X which projects to x must
lie on this ray, so the image of X in the second view must lie on l′.

l

e e

l

π

baseline

/

/

e e

baseline

/

X

a b

Fig. 9.2. Epipolar geometry. (a) The camera baseline intersects each image plane at the epipoles e
and e′. Any plane π containing the baseline is an epipolar plane, and intersects the image planes in
corresponding epipolar lines l and l′. (b) As the position of the 3D point X varies, the epipolar planes
“rotate” about the baseline. This family of planes is known as an epipolar pencil. All epipolar lines
intersect at the epipole.

Supposing now that we know only x, we may ask how the corresponding point x′ is
constrained. The plane π is determined by the baseline and the ray defined by x. From
above we know that the ray corresponding to the (unknown) point x′ lies in π, hence
the point x′ lies on the line of intersection l′ of π with the second image plane. This line
l′ is the image in the second view of the ray back-projected from x. It is the epipolar
line corresponding to x. In terms of a stereo correspondence algorithm the benefit is
that the search for the point corresponding to x need not cover the entire image plane
but can be restricted to the line l′.

The geometric entities involved in epipolar geometry are illustrated in figure 9.2.
The terminology is

• The epipole is the point of intersection of the line joining the camera centres (the
baseline) with the image plane. Equivalently, the epipole is the image in one view
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Supposing now that we know only x, we may ask how the corresponding point x′ is
constrained. The plane π is determined by the baseline and the ray defined by x. From
above we know that the ray corresponding to the (unknown) point x′ lies in π, hence
the point x′ lies on the line of intersection l′ of π with the second image plane. This line
l′ is the image in the second view of the ray back-projected from x. It is the epipolar
line corresponding to x. In terms of a stereo correspondence algorithm the benefit is
that the search for the point corresponding to x need not cover the entire image plane
but can be restricted to the line l′.

The geometric entities involved in epipolar geometry are illustrated in figure 9.2.
The terminology is

• The epipole is the point of intersection of the line joining the camera centres (the
baseline) with the image plane. Equivalently, the epipole is the image in one view
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Epipoláris geometria
Epipoláris egyenlet

I Tudjuk, hogy PX = x , amiből X -et
meghatározhatjuk a köv. egyenlet
megoldásával:

X (λ) = P+x + λC

I P+ a P mátrix pszeudoinverze (PP+ = I )

I C a kamera középpont, (P nullvektora,
hiszen PC = 0)

240 9 Epipolar Geometry and the Fundamental Matrix

C C /

 π

x x

X

epipolar plane  

/

x

e

X ?

X

X ?

l

e

epipolar line
for x

/

/

a b

Fig. 9.1. Point correspondence geometry. (a) The two cameras are indicated by their centres C and
C′ and image planes. The camera centres, 3-space point X, and its images x and x′ lie in a common
plane π. (b) An image point x back-projects to a ray in 3-space defined by the first camera centre, C,
and x. This ray is imaged as a line l′ in the second view. The 3-space point X which projects to x must
lie on this ray, so the image of X in the second view must lie on l′.

l

e e

l

π

baseline

/

/

e e

baseline

/

X

a b

Fig. 9.2. Epipolar geometry. (a) The camera baseline intersects each image plane at the epipoles e
and e′. Any plane π containing the baseline is an epipolar plane, and intersects the image planes in
corresponding epipolar lines l and l′. (b) As the position of the 3D point X varies, the epipolar planes
“rotate” about the baseline. This family of planes is known as an epipolar pencil. All epipolar lines
intersect at the epipole.

Supposing now that we know only x, we may ask how the corresponding point x′ is
constrained. The plane π is determined by the baseline and the ray defined by x. From
above we know that the ray corresponding to the (unknown) point x′ lies in π, hence
the point x′ lies on the line of intersection l′ of π with the second image plane. This line
l′ is the image in the second view of the ray back-projected from x. It is the epipolar
line corresponding to x. In terms of a stereo correspondence algorithm the benefit is
that the search for the point corresponding to x need not cover the entire image plane
but can be restricted to the line l′.

The geometric entities involved in epipolar geometry are illustrated in figure 9.2.
The terminology is

• The epipole is the point of intersection of the line joining the camera centres (the
baseline) with the image plane. Equivalently, the epipole is the image in one view

I A megoldás egy egyenes, két kiemelt pont P+x (λ = 0) és C
(λ = inf)

I Ezen pontok képei a 2. kamerán: P ′P+x és P ′C = e ′
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Epipoláris geometria
Fundamentális mátrix

I Az előzőek alapján:

l ′ = (P ′C )× (P ′P+x) = e ′ × (P ′P+x) = [e ′]×(P ′P+x) = Fx

I [e ′]× az e ′ vektorral történő keresztszorzatot jelentő mátrix

I Az F mátrixot fundamentális mátrixnak nevezzük

I F kapcsolatot ad a két nézet között, egy adott nézetben levet́ıttet
ponthoz hozzárendel a másik nézetben egy egyenest.

I Mivel az x ′ pont az l ′ egyenesen fekszik, ezért minden x és x ′ pont
között fennáll

x ′TFx = 0
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Epipoláris geometria
Fundamentális mátrix

I F rangja 2, és 7 szabadságfokkal b́ır

I Bármely két nézetet léırhatunk egy F mátrixal, úgy, hogy a vet́ıtett
pontpárokra érvényes az előző egyenlet

I Bármely két kamerához egyértelműen tartozik egy fundamentális
mátrix, de ford́ıtva nem feltétlenül igaz!

I Minden kamerapárhoz, amelyek csak egy projekt́ıv transzformációban
különböznek ugyanaz a fundamentális mátrix tartozik
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Epipoláris geometria
Esszenciális mátrix

I Legyen P = K [R| − RC ] = KR[I | − C ] formájú

I Vezessük be minden x pontra az ún. normalizált x̂ = K−1x
koordinátákat

I Belátható, hogy minden x̂ ↔ x̂ ′ pontpárra igaz:

x̂ ′TEx̂ = 0

I Az E mátrixot esszenciális mátrixnak h́ıvjuk, és:

E = K ′TFK = [t]×R.

I Amennyiben a két kameramátrix feléṕıtése P = K [I |0] és
P ′ = K [R|t].
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Epipoláris geometria
Esszenciális mátrix

I E mátrix szabadságfoka 5 → több megszoŕıtás vonatkozik rá, mint a
fundamentális mátrixra

I Belátható, hogy amennyiben egy kameramátrixhoz tartozó
esszenciális mátrix ismert, akkor abból a kamera mátrixokra négy
megoldás található.

I Ebből a négy megoldásból kiszűrhető az az egy, amelyik szerint az X
pontok mind a kamerák nézeti irányában (s nem a kamerák mögött)
találhatók.

I A pontos megoldási módszer az SVD (Singular Value Decomposition)
felbontáson alapul
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Fundamentális mátrix meghatározása

I Két különböző kamerával, különböző helyről rögźıtett képek megfelelő
x↔ x′ képpontpárjai között a köv. epipoláris megkötés áll fenn:

x′TF3x3x = 0

I F3x3 a szinguláris fundamentális mátrix (rangja 2).
I Meghatározása:

I Kezdeti becslés
I Hiba feĺırása
I Költségfüggvény optimalizálás
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Fundamentális mátrix meghatározása
Költségfüggvény

I Szimmetrikus epipoláris hiba költségfüggvény

I Tudjuk, hogy az egyik képen az x ponthoz a másik képen egy l
egyenes tartozik, amelyekre:

l′ = Fx

I Hasonlóan az x′ pontokra:

l = FTx′ (1)

I A szimmetrikus epipoláris hiba ı́gy az egyenesek és pontok távolságát
összegzi: ∑

i

d(x′i ,Fxi )
2 + d(xi ,F

Tx′i )
2 (2)

I ahol d(x, y) az y egyenes és a x pont euklideszi távolságát jelenti.
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Fundamentális mátrix meghatározása
Becslés

I Ha a mért képpontok normális eloszlású zajjal terheltek alkalmazható
a maximum likelihood (ML) becslés

I Zajjal terhelt pontpároknak megfelelő x̂i ↔ x̂′i pontpárok kieléǵıtik:

x̂′
T
i F x̂i = 0

I A reprojekciós hiba költségfüggvény:

∑

i

d(xi , x̂i )
2 + d(x′i , x̂′i )

2 (3)
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Fundamentális mátrix meghatározása
8 pontos módszer

I x′TF3x3x = 0 egyenlet az F lineáris függvénye

I F mátrixra lineáris egyenletrendszer ı́rható fel, pontonként egy
egyenlettel

I Legyen xi = (x , y , 1) és x′i = (x ′, y ′, 1), ekkor ∀(xi , x
′
i )-re:

x ′xf11 + x ′yf12 + x ′f13 + y ′xf21 + y ′yf22 + y ′f23 + xf31 + yf32 + f33 = 0

I Legyen fT = (f11, f12, f13, f21, f22, f23, f31, f32, f33)

Af =



x ′1x1 x ′1y1 x ′1 y ′1x1 y ′1y1 y ′1 x1 y1 1

...
...

...
...

...
...

...
...

...
x ′nxn x ′nyn x ′n y ′nxn y ′nyn y ′n xn yn 1


 f = 0

I F nem feltétlenül lesz szinguláris!
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Fundamentális mátrix meghatározása
8 pontos módszer

I Legtöbbször több mint 8 pontunk van

I Legkisebb négyzetes megoldás elve: legkisebb szingularitáshoz tartozó
szinguláris vektor

I Ha A SVD felbontása A = UDV T , akkor a megoldás V T
i amennyiben

σi = min
k
σk

I F szinguláris felbontása F = Udiag(r , s, 0)V T formájú, hiszen a
rangja 2

I Célszerű F = Udiag(r , s, t)V T helyett az F ′ = Udiag(r , s, 0)V T

mátrix használata
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Fundamentális mátrix meghatározása
7 pontos módszer

I F fundamentális mátrix szabadsági foka 7

I A mátrix 9 oszloppal rendelkezik, ha 7 pontból éṕıtjük fel magtere két
dimenziós lesz

I Legyen e kétdimenziós térnek a bázisa f1 és f2, amelyeket az A mátrix
SVD felbontásából kaphatunk

F = F1 + αF2 (4)

I F mátrix az Af = 0 homogén egyenletnek megfelelő mátrix, α
ismeretlen szorzó. A köv. egyenletet kell megoldani:

det(F1 + αF2) = 0 (5)

I Ez már zárt alakban megolható!

I Előnye: 7 pont elég, és F szinguláris lesz
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Fundamentális mátrix meghatározása
Optimális megoldás

I Kezdeti becslésre jó a normalizált 8 pontos és 7 pontos algoritmus

I ML becsléshez reprojekciós hiba költségfüggvény minimalizálása kell
I A legkézenfekvőbb megoldás a tér projekt́ıv rekonstrukciója

I F -nek megfelelő P és P ′ kameramátrixok meghatározása
I Pontok triangulációja
I Optimalizáció

I Seǵıtségével a kamerák relat́ıv helye meghatározható → skálázás
erejéig
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Esszenciális mátrix meghatározása

I Ha F megvan → E = KTFK

I Ha P = K [I |0]→ P ′ = K [R|t] hogy kapjuk meg?

I Legyen az esszenciális mátrix SVD felbontása E = Udiag(1, 1, 0)V T .
Definiáljuk:

W =




0 −1 0
1 0 0
0 0 1


 Z =




0 1 0
−1 0 0
0 0 0




I Ha P = K [I |0], akkor P ′ kameramátrixra négy megoldás adódik:

P ′1 =
[
UWV T +u3

]

P ′2 =
[
UWV T −u3

]
P ′3 =

[
UW TV T +u3

]

P ′4 =
[
UW TV T −u3

]

I Csak egy megoldás helyes (pontok mindkét kamera előtt)
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Trianguláció
Bevezetés

I Legyen P és P ′ a két kamera mátrixunk

I Legyen X térbeli pont, mely képe x = PX és x′ = P ′X
I A trianguláció ennek megford́ıtása, tehát ismerve x↔ x′ pontpárokat,

melyik az az X pont, amelyre x = PX és x′ = P ′X?

I A feladat a következő τ trianguláció megtalálása:

X = τ(x, x′,P,P ′)

I Csak zajmentes esetben lenne egyértelmű
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Trianguláció
Zaj szemléltetése

12.1 Problem statement 311

x

/

x /

C C

a

x
x

e

/

e /

l = F /x /l = F x

image 1 image 2

b

Fig. 12.1. (a) Rays back-projected from imperfectly measured points x,x′ are skew in 3-space in gen-
eral. (b) The epipolar geometry for x,x′. The measured points do not satisfy the epipolar constraint.
The epipolar line l′ = Fx is the image of the ray through x, and l = FTx′ is the image of the ray through
x′. Since the rays do not intersect, x′ does not lie on l′, and x does not lie on l.

A desirable feature of the method of triangulation used is that it should be invariant
under transformations of the appropriate class for the reconstruction – if the camera
matrices are known only up to an affine (or projective) transformation, then it is clearly
desirable to use an affine (resp. projective) invariant triangulation method to compute
the 3D space points. Thus, denote by τ a triangulation method used to compute a 3D
space point X from a point correspondence x ↔ x′ and a pair of camera matrices P
and P′. We write

X = τ(x,x′, P, P′).

The triangulation is said to be invariant under a transformation H if

τ(x,x′, P, P′) = H−1τ(x,x′, PH−1, P′H−1).

This means that triangulation using the transformed cameras results in the transformed
point.

It is clear, particularly for projective reconstruction, that it is inappropriate to min-
imize errors in the 3D projective space, IP3. For instance, the method that finds the
midpoint of the common perpendicular to the two rays in space is not suitable for
projective reconstruction, since concepts such as distance and perpendicularity are not
valid in the context of projective geometry. In fact, in projective reconstruction, this
method will give different results depending on which particular projective reconstruc-
tion is considered – the method is not projective-invariant.

Here we will give a triangulation method that is projective-invariant. The key idea
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Trianguláció
Egyenletek

I A következő egyenleteket ı́rhatjuk fel:

x× (PX) = 0

x′ × (P ′X) = 0

I Az első egyenletet felbonthatjuk az alábbi formában (piT a P mátrix
i-dik sorát jelöli)

x(p3TX)− (p1TX) = 0

y(p3TX)− (p2TX) = 0

x(p2TX)− y(p1TX) = 0

I Lineáris egyenletrendszer
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Trianguláció
Megoldás

I A másik keresztszorzatot hasonlóan felbontva összesen hat egyenletet
kapunk, amelyeket összevonhatunk AX = 0 alakra

A =




xp3T − p1T

yp3T − p2T

xp2T − p1T

x ′p′3T − p′1T

y ′p′3T − p′2T

x ′p′2T − p′1T




I Megoldása a legkisebb négyzetes hiba minimalizálásával (a legkisebb
szinguláris értékhez tartozó szinguláris vektor)

I A mátrix szinguláris felbontásával (SVD) kaphatjuk meg
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Optimalizáció

I a xi ↔ x′i pontpárok ismeretében az Xi három dimenziós pontok
meghatározhatók triangulációval

I A feladat innentől a következő egyenletrendszer reprojekciós hibájának
nemlineáris optimalizációja Xi és P ′ függvényében:

xi = PXi

x′i = P ′Xi
(6)

I Összesen 3n + 12 változó, ahol n a 3d pontpárok száma (ritka
Levenberg-Marquardt minimalizáció)
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Térmodell
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Forrás

I Richard Hartley and Andrew Zisserman, ”Multiple View Geometry in
Computer Vision”, 2nd edition, 2004
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