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Origin of Queueing Theory

Agner Krarup Erlang, 1878-1929



m "The Theory of Probabilities and Telephone Conversations", Nyt Tidsskrift
for Matematik B, vol 20, 1909.

m "Solution of some Problems in the Theory of Probabilities of Significance
in Automatic Telephone Exchanges", Elektrotkeknikeren, vol 13, 1917.

m "The life and works of A.K. Erlang", E. Brockmeyer, H.L. Halstrom and Arns
Jensen, Copenhagen: The Copenhagen Telephone Company, 1948.

Queueing Theory Homepage
http://web2.uwindsor.ca/math/hlynka/queue.html
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Applications

m Telephony

Manufacturing
Inventories
Dams
Supermarkets

Computer and Communication Systems
Call Centers

m Infocommunication Networks
m Hospitals
m Many others



Kendall’s Notation

David G. Kendall, 1918-2007

A/B/c/K/m/Z



Performance Metrics

m Utilizations

Mean Number of Customers in the System / Queue
Mean Response / Waiting Time

Mean Busy Period Length of the Server
Distribution of Response / Waiting Time

Distribution of the Busy Period



Solution Methodologies

m Analytical
m Numerical
m Asymptotic
m Simulation
N

Tools



Erlang Loss Formula, M/G/c/c Systems

/el
B(C:ﬂ ,.0) — Pec — Zcp[]/fjﬂ/ﬂ! P = )\E(B)

pB(c—1.p)/c _ pBlc—1,p)

b = -
(ij) 1_{_}98(6—11}9)/6 C+PB(C_1?P)

B(0,p) =1
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Approximation Formula

o P(s) —P(s—1) d(s—1)
B(n?p) @(8) q)(s)
B / L2 N 8_n+%—g
d(s) 4 \/ﬂe dr, = NG

http://www.erlang.com/calculator/

http://jani.uw.hu/erlang/erlang.html
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http://www.erlang.com/calculator/
http://jani.uw.hu/erlang/erlang.html

Erlang Delay Formula
M/M/n Systems
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Pollaczek-Khintchine Formulas,
M/G/1 Systems

Felix Pollachek, 1892-1981 Alexander Y. Khintchine, 1894-1959
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Mean Value Formulas

o Var[X]
O )y
E[W] :E[R]lfﬂ = E[QB]lfﬂ(l-l-C%)

E[T) = E[B] (1 + £ ;;’_iﬁ ))
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Transform Formulas

_(-p-2)
Lp(A(1—2)) —=z

Gn(z) = Lp(A(1 = 2))
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Little’s Law




Reputed Scientists

Boris Vladimirovich Gnedenko, 1912-1995
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Reputed Scientists

Leonard Kleinrock, 1934 -
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Hungarian Contributions

Lajos Takacs, 1924 -
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Takacs Formulas,
M/G/1 Sytems

A
(W) =
I —p4

4

ko

1+ 1

[
1

(1) Z: () )Bm B

[=

Ls(t) = Ls(t+ X — ALs(1))
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Hungarian Contributions

m EOtvos Lorand University
( A. Benczur, L. Lakatos, L. Szeidl )

m Budapest University of Technology and Economics
( L. Gyorfi, M. Telek, S. Molnar)

m University of Debrecen
(J. Tomkd, M. Aratd, B. Almasi, A. Kuki, J. Sztrik )
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Java Applets and Information

m http://irh.inf.unideb.hu/user/jsztrik/education/09/index.html

http://irh.inf.unideb.hu/user/jsztrik/
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Tool supported modeling

@ University of Dortmund: HIT, HIQPN, APNN
http://Is4-www.infromatik.uni-dortmund.de/tools.html/

o University of lllinois at Urbana-Champaign: MOBIUS
http://www.mobius.uiuc.edu/

@ University of Erlangen: PEPSY, MOSEL
http://www4.informatik.uni-erlangen.de/Projects /MOSEL /

@ University of Oxford: PRISM
http://www.prismmodelchecker.org/
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Softwares and Information

http://web2.uwindsor.ca/math/hlynka/qsoft.html
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Applications

@ magnetic disk memory systems

@ local area networks with CSMA/CD protocols
@ collision avoidance local area network modeling
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Mathematical model

P(0;0) = lim P(C(t) = 0, N(!

P(j50) = lim P(ar = j, N (1)
P(O;il, Zk) = tli)IgoP(C(t) =0,00=11,.... 0, = ik),

P(j;i1,....0%) = tli{glop(al =4,01=1t1,....00 = i), k
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Performance measures

Once we have obtained these limiting probabilities the main
system performance measures can be derived in the following
way.

1. The server utilization with respect to source j
U; = P ( the server is busy with source j )

that is, we have to summarize all the probabilities where the first
component is j. Formaly

K-1
Ui=>_, > P(in, .. i)

k=0 i1,....ix#]

B. Almasi, G. Bolch, J. Sztrik Heterogeneous finite-source retrial queues
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Hence the server utilization
K
U=E[Ct)=1]=) U,

Jj=1

Let us denote by Péé) the steady state probability that request i is
waiting ( staying in the orbit ). It is easy to see that

K K-1

PP =5 S S P@in, ).

=077 k=1 ie(i1,mmit)

Similarly, it can easily be seen, that the steady state probability
P that request i is in the service facility (it is under service or
waiting in the orbit) is given by

P9 = Pl + U,

B. Almasi, G. Bolch, J. Sztrik Heterogeneous finite-source retrial queues
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2. Mean response time of source i

Let us denote by E[T;] the mean response time of customer ¢, and
by v; the throughput of request ¢, that is, the mean number of
times that request 7 is served per unit time. These are related by

1

B in I=itn E=theoll ()

Vi =
For P we have

E[T}]

m:%E[Ti]: ~X oL K (2)

(@) —
P Y

which represents Little’s theorem for request 7 in the service
facility. It is easy to see that as a consequence of (1) we have

pli) —q _H p
)\iU

B. Almasi, G. Bolch, J. Sztrik Heterogeneous finite-source retrial queues



Outline

The queueing model, applications
Case studies

Bibliography

and
i +

PO =pP%_y,=1- oy

U;.

Alternatively, by the help of (2) we can express the mean response

time E[T;] for request i in terms of U; as

R Y
TNA=-POY U Nl

3. Mean waiting time of source

The mean waiting time of request 7 is given by

1 1 1 1 N — (Hi I /\i)Ui

EWi=El]| - —=——-+—-—=

B i A AipiUs

B. Almasi, G. Bolch, J. Sztrik Heterogeneous finite-source retrial queues
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At the same time we have another Little’s theorem for request ¢
waiting for service. Namely

E[Wj]

(@) _
Fw = E[T]+1/\

:”yiE[W,;} i:1,...,K.

4. Mean number of calls staying in the orbit or in service

K K K
M=ECct)+N® =S PY=S"a1-Yu)=r-5" Ly,
[C(t)+ N(t)] z; ;( AiU) ;AiU

5. Mean number of sources of repeated calls

K K

7 i T )\ 1223 + )\

N=EN@® =) Py = (1- Z

i=1 i=1
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6. Mean rate of generation of primary calls
K K ' K
A=) yi=> X(1-PD)=>" U
i=1 i=1 i=1

7. Blocking probability of primary call ¢

K K-1 .. .

B — Ai Zj:Lj;éi k=0 Zi;éil,...7ik P(;81, -y k)

= — .
A

Hence blocking probability of primary calls

B. Almasi, G. Bolch, J. Sztrik Heterogeneous finite-source retrial queues



In particular, in the case of homogeneous calls

Ui = BICO)/K, i=1,..K, N=K-<-.

A+ pw)U
)\ )
X = AE[K — C(t) — N(t)] = uU,
N 11 1
E[W]=7=K—M—U—X—;,
5 _ ABIK —C(t) - N(1);C(t) = 1]
N AE[K — C(t) — N(t)]
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Evaluation Tool MOSEL

MOSEL ( Modeling, Specification and Evaluation Language )
developed at the University of Erlangen, Germany, is used to
formulate and solved the problem.

B. Almasi, G. Bolch, J. Sztrik Heterogeneous finite-source retrial queues



Outline

The queueing model, applications
Case studies

Bibliography

Case studies

> Intermediate Graphic Language-Interpreter - resp

Fle Picture Xscale Yscale Curves legend Max Window

Mean response time depending on retrial rate

Mean response time

RN

[tegena

e request generation
rate-0.5

0 3 3 9 12

18

rate

E[T] versus retrial rate

B. Almasi, G. Bolch, J. Sztrik

Heterogeneous finite-source retrial queues



Outline

The queueing model, applications
Case studies

Bibliography

Hle Pictre Xscale Yscale Curves Legend Max Window

Mean response time depending on service rate

Mean response time

Legend
s request generation
rate=t

z
e=0.2,
retrial rate=4
18

12 \\
0.8
o4 i
e
A S S SR SR
0 Service rate
0 1 2z 3 4 5 3 7 ] E] 10

E[T] versus service rate

B. Almasi, G. Bolch, J. Sztrik Heterogeneous finite-source retrial queues



Outline

The queueing model, applications

Case studies
Bibliography

File

Picture Xscale Yscale Curves Legend Max Window

Mean response time depending on request generation rate

Mean response time

‘Legenu

‘ ___o retrial rate=10,

service rate=1 ‘

Request

60 a0 120 150

180 210

zd0

270

300

[
rate

E[T] versus primary request generation rate

B. Almasi, G. Bolch, J. Sztrik

Heterogeneous finite-source retrial queues




Outline
The queueing model, applications
Case studies

Bibliography
Fle Ficture Xscale Yscale Curves Legend
Mean waiting time depending on request generation rate
Mean waiting time
80
Legend
7z o retrial rate=0.001, |-...
service rate=1
o retrial rale=0.005,
61 service rate=1
o retrialrate=0.,
service re
56
]
4
[
— e NN
' .
—
32
24
16
.
__/—Mbk)/_’._’
]
./ Request
L} e
rate
] 0.03 0.06 0.09 012 015 0.18 0.21 024 027 0.3

E[T] versus primary request generation rate

B. Almasi, G. Bolch, J. Sztrik Heterogeneous finite-source retrial queues



Outline

The queueing model, applications

Case studies
Bibliography

File

Picture Xscale Yscale Curves Legend Max Window

Mean response time depending on request generation rate

Mean response time

48

4z

. e e ————
*_/4.1,_—4
/ e
/ Legend
___g retrial rate1=10,
service rate1=1
—a retrial rate2=20,
service ratez=1
—u retrial rate3-=30,
service rate3-1
S
f - L S S S A I
Request
[
rate
30 60 a0 120 150 160 210 zd0 270 300

E[T] versus primary request generation rate with homogeneous service and heterogeneous retrial

B. Almasi, G. Bolch, J. Sztrik

Heterogeneous finite-source retrial queues




Outline

The queueing model, applications
Case studies

Bibliography

Fle Pictre Xscale Yscale Curves Legend Max Window

Mean response time depending on request generation rate

Mean response time

20
18
16
1
12
) n i - 5 4 3 3
10 !:E
8

Legend
6 o retrial ratel=10,
service rate1=0.1
4 retrial rate2=10,
1 service rate2=1
g retrial rate3-10,
service rate3=10

Request
0 ]
rate
0 z0 40 60 80 100 120 140 160 180 200
. [The GiniA} ;

E[T] versus primary request generation rate with homogeneous retrial and heterogeneous service

B. Almasi, G. Bolch, J. Sztrik Heterogeneous finite-source retrial queues



Outline

The queueing model, applications

Case studies
Bibliography

File

Picture Xscale Yscale Curves Legend

Max Windows

Mean response time depending on retrial rate

Mean response time

27 \\
2.4
\ T
z1 N e S
\\ e S S
1.8
H‘.—‘II‘I‘I——“—I——.—“‘H
1.5
1.2
Legend
___@ request generation
09 rate1=0.2,
service rate1=1
—_a request genaration
0.6 ratez=0.5,
service ratez=1
—__m request generation
0.3 rate3=0.3,
ervice rated-1
0 T T T
0 3 6 9 12 15 18 2 24 27 30

Retrial rate

E[T] versus retrial rate with homogeneous service

B. Almasi, G. Bolch, J. Sztrik

and heterogeneous primary request generation

Heterogeneous finite-source retrial queues




Outline

The queueing model, applications
Case studies

Bibliography

File

Picture Xscale Ysc:

ale Curves Legend  Max Window

Mean response time depending on retrial rate

Mean response time

2:4 i\\\‘

18
Legend
12 e request generation
: ratel=0.4,
service ratel=0.5
request generation
0.8 rate2=0.4,
service rate2=1
—__m request generation
04 rate3=0.4,
serviee rate3=2
0
T T T
0 3 6 a 12 15 18 2 24 27 30

Retrial rate

E[T] versus retrial rate with homogeneous primary request generation and heterogeneous service

B. Almasi, G. Bolch, J. Sztrik

Heterogeneous finite-source retrial queues



Outline

The queueing model, applications
Case studies

Bibliography

Fle Picture Xscale Yscale Curves Legend Max Window
Mean response time depending on request generation rate
Mean response time
3
27
24
za
SRS S
18
12
; f Legend
09 o retral ratel=
service ratel
4 retral ratez-15,
05 service ralez-Z
’ —m retrial rate3-20,
service rate3-1
03
Reguest
0 ]
rate
] 3 6 ] 12 15 18 21 21 27 30

E[T] versus primary request generation rate with heterogeneous service and heterogeneous retrial

B. Almasi, G. Bolch, J. Sztrik Heterogeneous finite-source retrial queues



Bibliography

ARTALEJO J.R.: Retrial queues with a finite number of sources, J.
Korean Math. Soc. 35(1998) 503-525.

¥ BecAaIN K., Borcu G., HEROLD H.: Practical Performance
Modeling, Application of the MOSEL Language, Kluwer Academic
Publisher, Boston, 2001.

FALIN G.I. AND TEMPLETON J.G.C: Retrial queues, Chapman
and Hall, London, 1997.

FALIN G.I. AND ARTALEJO J.R.: A finite source retrial queue,
European Journal of Operational Research 108(1998) 409-424.

ALMAsI B., G. BoLcH, J. SzZTRIK: Heterogeneous finite-source
retrial queues, Journal of Mathematical Sciences 121 (2004)
2590-2596

[m] [ = =

it
N)
el
Q



Thank You

for Your
Attention




	Új módszerek a Jövő Internet modellezésében
	2_Varnaslides_02r.pdf
	Outline
	The queueing model, applications
	Case studies
	Bibliography
	Appendix


